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Solutions for Three-Dimensional Over- or Underexpanded
Exhaust Plumes

V. N. Vatsa,* M. J. Werle,t O. L. Anderson,J and G. B. Hankins Jr.§
United Technologies Research Center, East Hartford, Conn.

An efficient method for solving the problem of a slightly under- or overexpanded supersonic jet exhausting
into a subsonic coflowing stream is presented. This paper extends an earlier work on two-dimensional and
axisymmetric flows to general three-dimensional flows with specific application to high-aspect-ratio slot jet
flows. The viscous problem is rendered parabolic through a unique use of an approximate inviscid flow intrinsic
coordinate system to estimate only the streamline curvatures. This inviscid problem is formulated in terms of
linearized perturbation potentials for ease of solution. The results of application of this approach to axisym-
metric and high-aspect-ratio slot jet flows will be presented.

Nomenclature
a,b,c,d - generalized coefficients of differential equation
hl,h2,h3 = metric coefficients in the coordinate directions x,

y2, and^5, respectively
H0 = total enthalpy
I,J,K = indices to designate station numbers in the x, y2,

andj>5 directions, respectively
L = reference length
M = Mach number
p = pressure
PrT = turbulent Prandtl number
/t = ratio of adjacent mesh grid step sizes
T - temperature
u2, u3 - velocity components in the coordinate directions

y2 a.ndy3, respectively
u - stream wise velocity
x - stream wise distance
y = coordinate in transverse plane
7 = ratio of specific heats
A = step size or difference operator
6 = a characteristic length
fji T - turbulent viscosity coefficient
p = density
0 = potential function
\l/ = stream function
co = vorticity

Subscripts
C = inviscid core extent
<£ = centerline value
j = jet value at exit plane
0 = stagnation or exit value
1,2,3 = streamwise, normal, and transverse directions,

respectively
oo = freestream value

Introduction

THE problem addressed here is that of predicting the detail
flow structure in the jet plume that occurs when an under-

or overexpanded hot jet exhausts into a cold coflowing
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subsonic stream (see Fig. 1). The ability to predict the details
of the viscous mixing and cooling that take place at the jet
interface is critical to determining the thermodynamic and
acoustic signature of the vehicle producing the jet. It is
therefore important to develop a reliable and efficient scheme
for addressing this class of problems. There is a lack of
reliable turbulence models for this class of un-
der/overexpanded jet mixing problems: thus, only a simple
algebraic turbulence model was employed in this study to
allow assessment of the capabilities of the current solution
procedure.

The overall goal of the current work was to develop an
efficient solution technique for addressing both the cases of
the axisymmetric and slot types of slightly under- or
overexpanded hot jet flows in subsonic mainstreams. The
approach used was a direct extension of a parabolic marching
technique recently developed by Anderson1 for internal
axisymmetric flows at high Reynolds numbers. In that ap-
proach, Anderson introduced the concept of using an ap-
proximate intrinsic coordinate system to formally produce a
parabolic composite set of equations that are valid
throughout the inviscid and viscous regions of the flow. An
implicit finite-difference algorithm based on Keller's box
scheme2 was employed to obtain fast, accurate solutions and
numerous comparisons with experimental data have been
achieved.1'3

In a recent paper,4 this concept was extended directly to the
axisymmetric case of a coflowing jet. To do this, the work
first concentrated on developing the approximate intrinsic
coordinate system required by the viscous flow solver. To this
end, the inviscid flow was first predicted using perturbation
theory to effect a rather simple construction of the plume
shape. The accuracy of this inviscid solution was assessed
through detailed comparison with more complicated solution

Fig. 1 Structure of plume flow.
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schemes that employ a method of characteristics represen-
tation of the jet flow. Thereafter, solution of the axisym-
metric viscous plume problem was achieved for hot and cold
subsonic jets exhausting into either still air or a subsonic
stream. The turbulence model used was calibrated against
experimental data for perfectly expanded subsonic jets.
Thereafter, the applicability of the approach for under- and
overexpanded jets was assessed through solution of hot
supersonic jets for exit jet pressure ratios up to approximately
1.4 for flow into still air or a cold coflowing subsonic stream.
Good comparisons were obtained with experimental data for
axisymmetric underexpanded jet flows in a recent study5

using this approach.
The axisymmetric solution technique described above has

now been extended to the three-dimensional case for ap-
plication to slot nozzle configurations. This work is based on
the extension of AndersonV axisymmetric internal flow
technique to the case of axial three-dimensional flows by
Anderson and Hankins6 and Vatsa et al.7 The resulting set of
three-dimensional viscous flow equations has been solved
using an implicit finite-difference technique for simultaneous
solution of all of the flow properties. The basic numerical
scheme has been assessed through application to: 1) in-
compressible turbulent axisymmetric jet configurations where
analytical similarity solutions exist, 2) a 2x1 aspect ratio
incompressible rectangular jet case where exact solutions for
the far field properties exist, and 3) axisymmetric compressible
coflowing jet where independent solutions are available. The
final test case studied was that of a slot jet of an aspect ratio
of 53/1 with an exit Mach number of Mj-, = 1.55 at an over-
pressure of p00/pj = l.3l and a temperature ratio of
TOJ/T0oo = 3.02. For this case, limited experimental data exist
for assessing the current approach. In this study a detailed
assessment is also made of the "equilibrium jet" ap-
proximation for the class of jet pressure ratios studied here.
Comparisons are given between solutions of the full jet and
equilibrium jet approaches as well as experimental data. From
this it is found that this approximate approach provides a very
accurate and efficient means of predicting under- or
overexpanded jet plume characteristics.

Governing Equations
General Concept

The basic approach applied here for three-dimensional jet
flows is essentially an extension of Ander son's work1'3 on
axisymmetric flows to three-dimensional flows as has been
documented by Anderson and Hankins6 and Vatsa et al.7 The
three-dimensional Navier-Stokes equations are formally
parabolized in the streamwise direction based on the use of
approximate intrinsic coordinates and a small secondary flow
approximation similar to Blottner's8 thin-channel ap-
proximation. This results in a set of equations that are elliptic
in the transverse plane and parabolic in the streamwise
direction. The present study represents the application of this
approach to slightly under- or overexpanded jet flows exiting
from rectangular slot nozzles and represents a summary of
results presented by Vatsa et al.7

Viscous Equations
The governing equations are presented here for the most

general case of three-dimensional viscous jet flow. Writing the
equations of motion in general orthogonal coordinates and
applying small secondary flow approximations the following
reduced set of equations are recovered.
Continuity:

Momentum:

a—
dx

a [H,h, 8<t> I a rh,H2 a</> i— -^p-r. + — -^rP-r- =0
by 2 I h2 by 2 J dy3 I h3 dy3 J

8 ,1 , ^ d \hih3 a*—- (h2h3pu2) + —— -f-^pw ——a* a>>2 L /z2 a>>2.

Transverse pressure:

— a / h!h3 dp \
a^\"^7a^/~

L^Z d/?
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a / dh,

d<t> a d<t>

h2 dy2 / dy3 \ h3 dy (3)

Energy:
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(4)

Vorticity:

- L
/z2/^5 La^2 \h}h2 p dy2/ dy3

Vorticity transport:

a rh,h, d&

±_ L ^L
z7 /z5 p dy3

a rhjh2 d<t>_ 1 30
P + "
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(pu)
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3 13
(6)

Equation of state:

y-1
P\U0- -^T (7)
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The two transverse momentum equations have been
replaced by the vorticity transport equation for the secondary
vorticity and a pressure equation obtained by differentiating
the transverse momentum equations. In addition, the trans-
verse velocity is decomposed into irrotational and rotational
components such that

= _ _ _
2 h2 dy2 dy3

3 H3 dy3 h1h2p dy2

(8a)

(8b)

When Eqs. (8) are substituted into the continuity equation,
the rotational component \l/ does not contribute to the mass
flow balance and the irrotational component </> does not
contribute to the vorticity.

Boundary Conditions
Equations (1-6) contain six unknowns, u, p, H0, </>, \l/, and

w, each equation being of the Laplacian form in the cross
plane. Thus, six boundary conditions of the form

(9)

must be applied where yn is normal to the boundary.
The freestream conditions are given as

P=P« HO —

direction. Alternately, one could use an approach similar to
that of Sforza et al.,9 where the constant C in the eddy
viscosity relation was selected to be a function of the jet half-
widths in the y2 and>>5 directions. Such an approach would be
expected to yield a smooth transition in the eddy viscosity as
the flow develops from a rectangular to an axially symmetric
jet.

For the general jet case the mixing process is assumed to
take place in three principal regions, each with their own
versions of the correct term to be used in Eq. (13). The three
regions are the initial mixing region I (potential core region), a
fully turbulent region III, and an intermediate or transitional
region II.

The initial mixing region (region I) has been documented by
Schlicting,10 where analytical solution of this problem has
been given in similarity variables. Here 6 is taken as the
distance between the two points in the shear layer where
[(«-«min)/(wmax-«min)]2 varied from 0.1 to 0.9. By
matching the measured width of the mixing zone, a value of
0.014 was obtained for the constant C.

For the fully turbulent region (region III), Hinze11 has
taken 8 as the jet half-width and assigned C a value of 0.0256
on the basis of experimental data.

For the intermediate or transitional region, an approach
similar to that of Chen12 is employed where it is assumed that
the flow becomes fully turbulent at x=2xc where xc
represents the end of potential core region. It was assumed
that the potential core ends when the centerline velocity of the
jet differs by more than 1% from the jet exit velocity. With
this, the eddy viscosity model used here can be summarized as

(xc<x<2xc)

(10) (14)

while at the jet centerline

dy3
= 0

dffn

=0

dy3 " fy3

(ii)

where r is the polar radius of the jet. Details of the derivation
of these conditions can be found in Ref . 6.

Turbulence Model
A simple isotropic extension of the turbulence model

employed for the axisymmetric problem in Ref . 4 has been
used in the present study— it is essentially an eddy viscosity
model capable of predicting the jet flows all the way from the
potential core region to the fully developed turbulent region.
The main difference between the axisymmetric and three-
dimensional turbulence model is in the definition of 6, the
characteristic length scale used in the turbulent viscosity
relation

(12)

(13)

where C is a constant to be defined and 6 is taken as

As a direct analog to their two-dimensional equivalent, 52 and
d3 should be established based on the velocity defects in the y2
and y3 directions, respectively. For very high-aspect-ratio jet
flows, d = 52 was used due to a lack of resolution in the y3

Numerical Method
The equations of motion presented above were first

linearized by expanding in a Taylor series in the marching
direction x to write that

=fgI V-/V (15)

After expanding all of the nonlinear terms, the full equation
can be reduced to the index form

where the summation convention has been employed and

M=l,6 variable number

L = l , 6 equation number

N = 1,3 coordinate direction

Note that only first derivatives appear in the marching
direction so that here

(17)

The finite-difference grid is defined as

Ay2(J)=y2(J+l)-y2(J)
Ay3(K)=y3(K+l)-y3(K) (18)
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At the marching station /, all of the transverse plane
derivatives at a grid point /, /, K are evaluated according to
the scheme

d/

where

(19a)

(19b)

(19c)

Similar expressions are used for obtaining derivatives in the y3
direction. The resulting set of linear algebraic equations were
solved using a block successive under-relaxation scheme.

Results and Discussion
In order to perform an assessment of the accuracy and

reliability of the three-dimensional algorithm described
above, the following test cases were investigated. Two
classical incompressible cases were first studied to allow
comparison with analytic results. Next, comparisons with
previous axisymmetric underexpanded jet solutions were
studied to assess compressibility effects and the equilibrium
jet approximation. Finally, a high-aspect-ratio overexpanded
slot jet was studied to assess the full three-dimensional
capability of this approach.

Solutions for two classical incompressible problems (an
axisymmetric free jet and a far field rectangular jet) were
obtained using the current approach and have been presented
by Vatsa et al. in an earlier paper.13 It was shown in Ref. 13
that these solutions compared very well with known analytic
results. As a result of this work, it was concluded that the
current approach can successfully capture an axisymmetric
flow on a Cartesian grid and predict the development of a
rectangular jet into an axisymmetric flow, thus validating the
ability of the overall approach to represent these two critical
aspects of any general jet exhaust flow configuration. The
following problems further verify the ability of this method
to represent mismatched exit pressure jet flows with
significant compressibility effects.

Axisymmetric Underexpanded Jet
The following viscous problem was studied to verify the

ability of the three-dimensional code to solve nonrectangular
jet flows with mixed subsonic and supersonic streams. To this
end an axisymmetric underexpanded supersonic jet con-
figuration was solved in rectangular coordinates, and
solutions compared with those obtained from the axisym-
metric approach presented in Ref. 4. This provides a most
severe test for the three-dimensional code since it involves
significant three-dimensional gradients, the mixing of a hot
supersonic and cold subsonic flow, and realistic lateral
pressure gradients. The case chosen for comparison was that
of a supersonic jet with Mj = 1.9 exhausting at a pressure ratio
of pjlpv> = 1.1 and temperature ratio of. T0j/T0oo = 11.8 into a
subsonic stream at M^ =0.8. The three-dimensional solutions
were obtained in a rectangular grid using 441 points in the
cross plane (21 each in the y2 and y3 directions) with a grid
distribution set up as Ay2t3 =0.1 yj for y^yj and a geometric
progression with a stretching constant of 1.20 for y2>3>yj>
The current axial grid length was taken as Ax = 0.115 > > • for
both the three-dimensional and the axisymmetric calculations.
The resulting centerline pressure and temperature com-
parisons are shown in Fig. 2 for the first portion of the initial
cell length of the plume. Virtually no differences were en-
countered in the centerline pressure levels and only a small
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Fig. 2 Accuracy assessment for axisymmetric underexpanded jet.

difference was observed in the temperature field—this being
manifest as a slight shift in the position at which the tem-
perature felt the exit expansion wave.

Equilibrium Jet Model: Axisymmetric Assessment
Before proceeding to the final three-dimensional jet

problem, an assessment is first made here of the equilibrium
jet approximation for slightly over- or underexpanded
coflowing jets. This general concept has been employed by
previous authors (see Ref. 14 for example) and involves the
use of an equivalent matched exit pressure case to estimate the
mixing process of the mismatched pressure case. The
analytical basis for this approach is to be found in the inviscid
jet solutions presented in Ref. 4. There it was pointed out that
the slightly mismatched jet case produces a plume cell
structure that oscillates about a jet width equal to that ob-
tained through expansion of the jet exit gas to the freestream
pressure level. The utility of this concept for pressure and
temperature predictions is assessed here through comparison
with the axisymmetric predictions of Ref. 4 and data of Ref.
15. For these cases the lateral grid distribution used 91 points
across the shear layer with Ay2/.yy = 0.072. The longitudinal
step was taken as Ax = 0.058 yj for the underexpanded jet
calculation. Results obtained with the equilibrium jet model
are shown in Fig. 3 to virtually reproduce the measured and
predicted underexpanded jet total pressure and temperature
distributions at the downstream measuring station. These
latter results were obtained with virtually the same transverse
grid spacing but with an axial grid spacing of A*/.y7 =0.29,
which is five times larger than that used for the un-
derexpanded jet calculation. Clearly, these results indicate
that this approximation gives a very good overall picture of
the plume flow characteristics and that this approach should
always be employed unless the details of the flow structure are
needed.
Overexpanded Slot Jet

The final test case studied was that of a "two-dimensional"
supersonic (Mj = 1.55), hot (T0j=906 K) jet exhausting to an
ambient cold (T0oo = 3ll K) state at an overpressure ratio
(p00/pj = l.3). For this case the slot exit width was 0.015 m
and the slot span was 0.81 m, producing, a virtually two-
dimensional environment. Limited experimental results have
been reported for this case by Thayer,16 so that a qualitative
assessment of the current approach can be made.
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Fig. 3 Underexpanded coflowing jet: a) stagnation pressure
distribution, b) stagnation temperature distribution.

The distribution of grid points for the finite-difference
solution of the viscous equations is somewhat more com-
plicated for this case. Concentrating first on the transverse
plane, the vertical distribution was established for an
essentially two-dimensional flowfield. In particular, the mesh
was set so that Ay2/yy = 0.15 for y2<l.66 yj while for y2
larger than this a geometric progression with a stretching
constant of 1.26 was used to set Ay. Twenty-five grid points
were used in this direction to capture the full flowfield.

For the span wise direction, only 10 grid points were em-
ployed since gradients in this direction were expected to be
relatively small and the details of the jet edge mixing
suspected to be of secondary importance. Six of the grid

points were located uniformly across the nozzle span with the
remaining four located in the freestream region at the same
grid spacing.

For this test case, the inlet flow conditions were estimated
from the configuration description supplied in Ref. 16. These
profiles are shown as the solid curves in Fig. 4 where a slight
discrepancy is observed in the experimental centerline tem-
perature values from the vertical and transverse
measurements. These differences are apparently due to the
fact that these measurements were taken at different times
during the testing procedure17 and thus they indicate a
possible drift in jet stagnation temperature levels. Therefore,
all subsequent comparisons with experimental data must be
considered of a qualitative nature only.

Solutions have been obtained for this test case for four
different levels of approximation. The first of these involves
use of the full three-dimensional approach applied to the
overexpanded jet conditions, the second involves use of the
three-dimensional method for the equilibrium jet approach,
the third uses a two-dimensional approximation applied to the
overexpanded jet, and the fourth a two-dimensional ap-
proximation for the equilibrium jet. The initial conditions for
each of these cases is shown in Fig. 4. Note that vertical
distributions indicate that the two- and three-dimensional
approaches employed the same distributions and that the
equilibrium jet approximation accounts for the overpressure
induced necking down by initializing with a narrower profile.
In the spanwise plane, the two-dimensional solutions
naturally show no variations with distance y3. The three-
dimensional equilibrium jet profile again shows a necking
down due to the overpressure ratio.

The results of the calculations and comparisons with ex-
perimental data at a station 0.305 m aft of the nozzle exit are
also shown in Fig. 4. Several things are immediately clear
from an overall review of these figures: first, that the data
comparisons are acceptable, showing only an expected
qualitative agreement; and second, that all four of the model
solutions produced essentially the same vertical distributions
of total temperature. The only differences of any consequence
are shown in the total pressure distributions where, as in-
dicated in Fig. 4a, the equilibrium jet model shows a smoother
and lower difference in initial profiles shown in the figures. It
must also be recalled that the data are suspect due to
measurement difficulties, while the analytical solutions have a
limitation due to the usage of a simple algebraic turbulence
model. Nonetheless, the favorable comparisons of Fig. 4 are
encouraging and indicate that the overall approach employed
here provides an effective means of predicting these three-
dimensional jet mixing flows. It is anticipated that the use of a
more sophisticated turbulence model such as the two-equation
turbulence models used by Barton et al.18 and McGuirk and
Rodi19 for predicting development of slot jet flows in con-
junction with the present method could enhance the quan-
titative level of the three-dimensional jet flow predictions
reported herein.

With regard to the four model comparisons of Fig. 4, it is
quite clear first that equilibrium jet approximation is fully
adequate for this class of flows since it produced an excellent
representation of the overexpanded jet calculation. In ad-
dition, it is seen that the two-dimensional solutions presented
in Fig. 4 virtually reproduce the three-dimensional results over
the jet gas flow regions. This is critically important for it
clearly indicates that for this class of slot jet flows, the
computational effort can be reduced by an order of
magnitude without significant loss of accuracy.

With regard to the computational effort required for these
solutions, several points should be made. First, for the full
three-dimensional calculations with the transverse grid
discussed above, the calculation scheme required ap-
proximately 30 s of CPU time per axial station on a UNIVAC
1110 computer. All the cases shown here were run with a
variable step size in the stream wise direction (Ax varied 0.0038
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Fig. 4 Slot jet near field representation: a) pressure distribution, b) temperature distribution.
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Fig. 5 Slot jet centerline temperature decay.

to 0.01524 m) and it required 28 stream wise stations to march
to the 0.305 m station of Fig. 4 for a total computing effort of
14 min. The two-dimensional results shown in Fig, 4 were
obtained from the present three-dimensional code by placing
a reflective boundary condition at one of the off-centerline
computational planes. Due to the current code structure, this
required that five transverse planes be employed, thus
providing only a factor of two reduction in the computer
effort at the present time. The favorable comparisons of Fig.
4 clearly indicate the viability of this approach, which would
warrant further code modifications that could easily reduce
the computer effort by another factor of 5-10.

Since the two-dimensional equilibrium jet results of Fig. 4
were so encouraging, solutions have been continued further
downstream using this approach. Figure 5 presents the
centerline temperature comparisons at axial station 0.61 m
(x/hj = 80), 0.915 m (x/hj = 120), and 1.22 m (x/hj = 160) aft
of the jet exit plane. Again, bearing in mind the experimental
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data limitations, these results are very encouraging and clearly
indicate the viability of this simplified but very efficient
approach for estimating the thermodynamic signature of large
plume flow structures.

Conclusions and Recommendations
The detailed comparisons given here verify the current

approach for calculating slightly under- and overexpanded
coflowing slot jet plume characteristics. The parabolic
marching method for representing viscous mixing was found
to be accurate, stable, and efficient. The inviscid solution
scheme employed to estimate approximate streamline cur-
vatures was found to provide an accurate and simple
representation of inviscid supersonic jets in coflowing sub-
sonic streams. With regard to the viscous jet solution
technique developed here, it was found that the equilibrium
jet approximation provided an excellent representation of the
jet plume characteristics for the class of problems considered
here. Use of this approach greatly simplifies the analysis and
provides a significant reduction in the computational effort
required. It was also found that further efficiencies could be
achieved by using a two-dimensional representation of the
high-aspect-ratio slot jets considered here.

It is also apparent from this study that an experimental
effort should be launched to acquire the data base necessary
for a thorough assessment of the analytical methods currently
at hand. Only a limited amount of data are available for the
axisymmetric problem and virtually no detailed data are
available for assessing the slot jet plume characteristics. A set
of benchmark experimental studies should be conducted to
provide a set of archival data for analytical model
assessments. This experimental guidance is critically needed to
provide a rational development of future analytical modeling
for this type of high-aspect-ratio plume flows.
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